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Abstract In response to the challenge inherent in classical high-dimensional
models of random ground motions, a family of simulation methods for non-
stationary seismic ground motions was developed previously through employing
a wave-group propagation formulation with phase spectrum model built up on the
frequency components’ starting-time of phase evolution. The present paper aims
at extending the formulation to the simulation of non-stationary random seismic
ground motions. The ground motion records associated with N–S component of
Northridge Earthquake at the type-II site are investigated. The frequency com-
ponents’ starting-time of phase evolution of is identiﬁed from the ground motion
records, and is proved to admit the Gamma distribution through data ﬁtting. Nu-
merical results indicate that the simulated random ground motion features zero-
mean, non-stationary, and non-Gaussian behaviors, and the phase spectrummodel
with only a few starting-times of phase evolution could come up with a sound
contribution to the simulation.
c© 2014 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1401309]
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The logical model of random seismic ground motion towards engineering applications has
received great appeal. This issue began with the ﬁrst stationary white-noise ground-motion model
proposed by Housner in the late of 1940s,1 and has been developed into two branches. One
belongs to site-based models (so-called phenomenal models), which represent the ground motion
in a formulation of spectral density by ﬁtting it to recorded motions with known earthquakes
and site characteristics.2–4 The other belongs to source-based models (so-called physical models),
which include the fault ruptures’ random occurrence at the source and the resulting seismic waves’
propagation through the ground medium.5,6 For both phenomenal and physical models of non-
stationary ground motions, however, the dimension reduction still remains a challenge, which
results in the complication of numerical implementation regarding high-dimensional probabilistic
space constructed by the parametric variables of random ground motions.
In response to this challenge, a family of simulation methods was developed by the authors
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for non-stationary seismic ground motions through employing a wave-group propagation formu-
lation with phase spectrum model built up on the frequency components’ starting-time of phase
evolution of.7 In this paper, an extension of the formulation to the simulation of non-stationary
random seismic ground motions is investigated, where the starting-time of phase evolution serves
as the critical random variable, and is identifed and modeled by employing the ground motion
records associated with N–S component of Northridge Earthquake at the type-II site.
Consider a non-stationary seismic ground motion a(t) in a ﬁnite time domain [0, T ], of which
the Fourier transform is given by
A(ω) =
∫ T
0
a(t)e−iωt dt = |A(ω)|e−iϕ(ω), (1)
where A(ω) denotes the Fourier spectrum in unilateral form, | · | denotes the magnitude of Fourier
spectrum, and ϕ(ω) denotes the principal value of Fourier phase spectrum, ϕ(ω) ∈ [0,2π).
In physics, the earthquake-induced vibration of a spatial point could be regarded as the integra-
tion of a series of harmonic waves in different scales in frequency components. The representative
velocity of harmonic waves is given as
vs(ω) =
√
T |A(ω)|2Δω/(2π). (2)
The phase change of a harmonic wave in time interval Δt is typically a function of its velocity,
which could be represented by
Δϕ(ω) = vs(ω)ks(ω)Δt, (3)
where ks(ω) denotes the wave number, and has relationship with frequency as
ks(ω) = ω/vse, (4)
where vse is the equivalent shear-wave velocity of seismic waves in an extensive range from the
hypocenter to the ground surface.
The velocity of phase evolution with different frequency components is then given by
ϕ˙(ω) = vs(ω)ks(ω). (5)
It is seen that the velocity of phase evolution of harmonic waves is time-independent.
As indicated in Eq. (5), the phase velocity is a function of frequency components which varies
with the frequency since different frequency components are endowed different values of Fourier
amplitude. One might image that there is always a zero time where all the phases of frequency
components are zero if the ground motion is evolved backward from the current time of wave
observation at the station towards the hypocenter. The time interval between the current time and
the zero time is deﬁned as Ts, the starting-time of phase evolution.
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Figure 1 shows the phase evolutions of any three frequency components, labeled as ωi−1, ωi,
ωi+1, respectively, from the zero-phase point at the zero time. In the ﬁgure, longitudinal coordi-
nate indicates the principal value of phases. For illustrative conveniences, the velocities of phase
evolution of these frequency components are assumed to have the following relative magnitudes
ϕ˙(ωi+1) < ϕ˙(ωi) < ϕ˙(ωi−1) (see the slopes at the zero time in Fig. 1). These frequency phases
evolve forward from the initial zero phases at the zero time, and would reach 2π in different time
sequences due to their different velocities of phase evolution. It is seen from Fig. 1 that the fre-
quency component ωi−1 with relatively larger evolution velocity in the three frequencies will ﬁrst
arrive at 2π. This component, however, does not hold the largest primary phase at any of the
following instants, since the frequency phases are complementary with 2π. We might assume,
at the current time labeled t0, the primary phases of the these frequency components exhibit the
following relative magnitudes: ϕ(ωi+1, t0) < ϕ(ωi−1, t0) < ϕ(ωi, t0) (see the amplitude at cur-
rent time in Fig. 1). Continuing the evolution forward, one can see that the time needed for the
three frequency components to reach their nearest 2π from current time, labeled Ti−1, Ti, Ti+1,
respectively, has the following relative magnitudes: Ti−1 < Ti < Ti+1. An equation set, including
propagation parameters and Ts of a collection of frequency components ωi (i = 1,2, . . . ,n), can
thus be constructed, of which the representative equation is shown as
Tsvs(ωi)ks(ωi)+Tivs(ωi)ks(ωi) = 2Niπ, (6)
where Ni (i = 1,2, . . . ,n) denotes the number of crossing over 2π in the process of frequency
components’ phase evolution. Using the numerical scheme for solution of the starting-time of
phase evolution,7 the expression of Ts is given by
Ts = 2πN1/(vs(ω1)ks(ω1))−T1. (7)
2π
0
0 t
t0TS
ϕ(ω)
ϕ(ωi↩1)
ϕ(ωi)
ϕ(ωi⇁1)



ϕ(ωi, t0)
ϕ(ωi↩1, t0)
ϕ(ωi⇁1, t0)
Ti⇁1
Ti
Ti↩1
Fig. 1. Schematic diagram for the identiﬁcation of Ts.
The investigation of stochastic model for Ts is carried out using 105 ground motion records
associated with N–S component of Northridge Earthquake at the type-II site. The simulation
scheme with wave-group propagation formulation indicates that there need 6 starting-times of
phase evolution for reconstruction of Fourier phase spectrum of seismic time history. The 6 vari-
ables are grouped into low frequency domain, medium frequency domain, and high frequency
domain. Each group includes 2 variables corresponding to the principle frequency component
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and its neighbor (nei.).7 The histograms of Ts of principle frequency components identiﬁed from
the ground motion records are shown in Fig. 2.
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Fig. 2. Histograms of starting-time of phase evolution of principle frequency components and their Gamma
distribution ﬁtting.
Figure 2 also shows the Gamma distribution ﬁtting on the identiﬁcation data of starting-time
of phase evolution from these seismic records. The function of Gamma distribution is given by8
f (x;θ ,β ) = xβ−1 exp(−x/θ)/(θβΓ(β )), 0 x < ∞, (8)
where x denotes the random variable (here refers to Ts), θ denotes the scale parameter, β denotes
the shape parameter, and Γ denotes Gamma function. The ﬁtting parameters are listed in Table 1.
Table 1. Parameters of Gamma distribution ﬁtting histogram of starting-time of phase evolution.
Para. Ts,1/s Ts,2 (nei.)/s Ts,3/s Ts,4 (nei.)/s Ts,5/s Ts,6 (nei.)/s
θ /s 1.37×1011 3.78×1010 4.08×108 4.15×108 2.17×108 1.18×108
β 0.40 0.60 0.67 0.59 0.64 0.89
The representative points of stochastic vectors in Ts is optimized using the Sobol sequences.
The dimension of the sequences is 500×6. The point sets of starting-times of phase evolution are
then obtained through the inverse transform upon the function of Gamma distribution. Figure 3
shows the scatter of point sets Ts,2 and Ts,3 in 2-dimensional plane.
Using the wave-group propagation formulation with phase spectrum model built up on the
starting-times,7 500 seismic time series with non-stationary behaviors are obtained. One repre-
sentative seismic time series of N–S component of Northridge earthquake is shown in Fig. 4. It
can be seen that this is a good result revealing the zero-mean, non-stationary, and non-Gaussian
characteritics of seismic ground motions.
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Stochastic modeling for starting-time of phase evolution and the simulation of non-stationary
random seismic ground motions are elucidated in this paper by investigating the ground motion
records associated with N–S component of Northridge Earthquake at the type-II site. It is re-
vealed that the logical model of phase spectrum with only a few starting-times of phase evolution
contributes to the accurate simulation of random seismic ground motions, which bypasses the nu-
merical challenge inherent in the classical spectral representation approaches in which hundreds
of variables are typically required in the representation of non-stationary random processes.
0 0.4 0.8 1.2 1.6 2.0
0
0.5
1.0
1.5
2.0
2.5
TS,2 /s
T
S
,3
 /
s
Τ 109
Τ 1011
Fig. 3. Scatter of point sets Ts,2 and Ts,3 in 2-dimensional plane.
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Fig. 4. Representative seismic time series of N–S component of Northridge Earthquake.
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